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Radiative corrections to polarization observables
in elastic electron-deuteron scattering in leptonic variables
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Kharkov Institute of Physics and Technology
61108, Akademicheskaya, 1, Kharkov, Ukraine
The model–independent QED radiative corrections to polarization observables in
elastic scattering of unpolarized and longitudinally–polarized electron beam by the
deuteron target have been calculated in leptonic variables. The experimental setup
when the deuteron target is arbitrarily polarized is considered and the procedure for
applying derived results to the vector or tensor polarization of the recoil deuteron
is discussed. The basis of the calculations consists of the account for all essential
Feynman diagrams which results in the form of the Drell-Yan representation for the
cross-section and use of the covariant parametrization of the deuteron polarization
state. The numerical estimates of the radiative corrections are given for the case
when event selection allows the undetected particles (photons and electron-positron
pairs) and the restriction on the lost invariant mass is used.
1. INTRODUCTION
The process of the elastic electron-deuteron scattering has been a long time a reaction
which is used for the investigation of the electromagnetic structure of the deuteron. These
investigations, both theoretical and experimental, can help to clarify a number of the im-
portant problems: the properties of the nucleon-nucleon interaction, non-nucleonic degrees
of freedom in nuclei (such as the meson exchange currents, the isobar configurations), as
well as the importance of the relativistic effects (see, for example, the recent reviews on the
deuteron [1–4]).
The electromagnetic structure of the deuteron as a bound two-nucleon system with spin-
one is completely determined by three functions of one variable, the four-momentum transfer
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2squared Q2. These are the so-called electromagnetic form factors of the deuteron: GC (the
charge monopole), GM (the magnetic dipole) and GQ (the charge quadrupole). They are
real functions in the space-like region of the four-momentum transfer squared (the scattering
channel as, for example, the elastic electron-deuteron scattering) and complex functions in
the time-like region (the annihilation channel as, for example, e+ + e− → D + D¯). So, the
main experimental problem is to determine the electromagnetic deuteron form factors with
a high accuracy and in a wide range of the variable Q2. A recent review of past and future
measurements of the elastic electromagnetic deuteron form factors is given in Ref. [5].
Note also that the deuteron is used as an effective neutron target in studies of the neutron
electromagnetic form factors [6] and the spin structure functions of the neutron in the deep-
inelastic scattering [7].
The knowledge of the deuteron electromagnetic properties means that we can calculate
its form factors from the first principles. To do it, in the non relativistic approach, we need
the deuteron wave function and form factors of the nucleon. The last ones are known from
the analysis of the experimental data on the elastic eN -scattering. It was found that for the
agreement with experiment at small momentum transfers it is sufficient to take into account
one-body current. The meson exchange currents and the isobar configurations become sig-
nificant at large momentum transfers. The manifestation of the quarks inside the deuteron
was not found at present. Note that each deuteron form factor may be sensitive to some
specific contribution. Thus, for example, the deuteron charge form factor GC is particularly
interesting for the understanding of the role of the meson exchange currents. So, it is nec-
essary to separate the three deuteron form factors. Measurements of the unpolarized cross
section yield the structure functions A(Q2) and B(Q2): they can be separately determined
by variation of the scattered electron angle θe for a given momentum transfer squared Q
2 to
the deuteron. So, all three form factors can be separated, when either the tensor analyzing
power T20 or the recoil deuteron polarization t20 is also measured (in both cases the electron
beam is unpolarized). This has prompted development of both polarized deuterium targets
for use with internal or external beams and polarimeters for measuring the polarization of
recoil hadrons [8]. Both types of experiment result in the same combinations of form factors.
The measurement of the polarization observables in elastic ed-scattering can be done at
present with the help of the internal or external targets.
1. The internal targets were used at storage rings in form of the polarized deuteron gas
3targets [9–13]. In order to get the required luminosity it is necessary to have high-intensity
electron beam since the density of such targets is very small.
2. In the experiments on elastic ed-scattering with external targets, the measurement of
the polarization of the scattered deuteron is used [14–16]. In this case the high-intensity elec-
tron beam is also necessary since the polarization measurement requires polarimeter. This
procedure leads to the second scattering which decreases the event number very essentially.
Current experiments at modern accelerators reached a new level of precision and this cir-
cumstance requires a new approach to data analysis and inclusion of all possible systematic
uncertainties. One of the important source of such uncertainties is the electromagnetic radia-
tive effects caused by physical processes which take place in higher orders of the perturbation
theory with respect to the electromagnetic interaction.
While the radiative corrections have been taken into account for the unpolarized cross
section, the radiative corrections for the polarization observables in the elastic electron-
deuteron scattering at large momentum transfer are not known at present [17]. Thus, for
example, in the experiment on precise measurement of the deuteron elastic structure function
A(Q2) (at Q =0.66-1.8 GeV), the radiative corrections (about 20 %) due to loses in the
radiative tail were calculated according to the paper [18]. On the other side, the authors
of recent experiments [12, 13, 16] on measuring the polarization observables did not present
the evidence about taking into account the radiative corrections.
The importance of the taking into account the radiative corrections can be seen on the
example of the discrepancy between the Rosenbluth [19] and the polarization transfer meth-
ods [20] for determination of the ratio of the electric to magnetic proton form factors. For a
given value of Q2, it is sufficient to measure the unpolarized elastic electron-nucleon scatter-
ing cross section for two values of ε (virtual photon polarization parameter) to determine the
GM and GE form factors (the Rosenbluth method). But the measurement of the polarization
observables in this reaction (using the longitudinally polarized electron beam) allows to de-
termine the ratio GE to GM [20]. Two experimental set ups were used, namely: measurement
of the asymmetry on the polarized target or measurement of the recoil-proton polarization
(the polarization transfer method).
Recent experiments show that the extracted ratio GEp/GMp, using the Rosenbluth and
polarization transfer methods, are incompatible at large Q2 [21, 22]. This discrepancy is
a serious problem as it generates confusion and doubt about the whole methodology of
4lepton scattering experiments [23]. One plausible explanation of this problem is two-photon
exchange effects [24]. The data are consistent with simple estimates of the two-photon
contributions to explain the discrepancy (see, e.g., [25] and references therein).
The precise calculation of the radiative corrections is also important for the study of
the two-photon exchange effects in the elastic electron-deuteron scattering. Earlier it was
observed [26–29] that the relative role of the two-photon exchange can increase significantly
in the region of large Q2 due to the steep decrease of the deuteron form factors as functions
of the Q2 variable. Since one- and two-photon amplitudes have very different spin structures,
the polarization phenomena have to be more sensitive to the interference effects than the
differential cross section (with unpolarized particles).
An attempt to evaluate the presence of two intermediate hard photon in box diagrams
using the existing data on the elastic electron-deuteron scattering was done in Ref.[30]. The
authors searched a deviation from the linear dependence in cot2(θe/2) of the cross section,
using a Rosenbluth fit, which has been parameterized in a model independent way according
to crossing symmetry considerations.
The recent calculations of the two-photon contribution to the structure functions and
polarization observables in the elastic scattering of longitudinally polarized electron on po-
larized deuteron have been done in Ref. [31] (the references on earlier papers can be found
here).
The radiative corrections to deep-inelastic scattering of unpolarized and longitudinally
polarized electron beam on polarized deuteron target was considered in Ref. [32] for the par-
ticular case of the deuteron polarization (which can be obtained from the general covariant
spin-density matrix [33] when spin functions are the eigenvectors of the spin projection op-
erator). The leading-log model-independent radiative corrections in deep-inelastic scattering
of unpolarized electron beam off the tensor polarized deuteron target have been considered
in Ref. [34]. The calculation was based on the covariant parametrization of the deuteron
quadrupole polarization tensor and use of the Drell-Yan like representation in electrody-
namics. The model-independent QED radiative corrections to the polarization observables
in the elastic scattering of the unpolarized and longitudinally polarized electron beam by
the polarized deuteron target in the hadronic variables have been done in Ref. [35].
In present paper we calculate the model-independent QED radiative corrections in lep-
tonic variables to the polarization observables in the elastic scattering of unpolarized and
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e−(k1) +D(p1)→ e−(k2) +D(p2), (1)
where the four-momenta of the corresponding particles are indicated in the brackets. The
experimental setup when the deuteron target is arbitrarily polarized is considered and the
procedure for applying derived results to the vector or tensor polarization of the recoil
deuteron is discussed. The basis of the calculations consists of the account for all essential
Feynman diagrams which results in the form of the Drell-Yan representation for the cross
section and use of the covariant parametrization of the deuteron polarization state. The
numerical estimates of the radiative corrections are given for the case when event selection
allows the undetected particles (photons and electron-positron pairs) and the restriction on
the lost invariant mass is used.
2. BORN APPROXIMATION
From the theoretical point of view, different polarization observables in the process of
the elastic electron-deuteron scattering have been investigated in many papers (see, for
example, Refs. [36–41]. The polarization observables were expressed in terms of the deuteron
electromagnetic form factors. An up-to-date status of the experimental and theoretical
research into the deuteron structure can be found in reviews [2, 4]. Here, we reproduce most
of these results using the method of covariant parametrization of the deuteron polarization
state in terms of the particle four-momenta and demonstrate the advantage of such approach.
Consider the process of elastic scattering of polarized electron beam by polarized deuteron
target. In the one-photon-exchange approximation, we define the cross section of the process
(1), in terms of the contraction of the leptonic Lµν and hadronic Hµν tensors (we neglect the
electron mass wherever possible), as follows
dσ =
α2
2V q4
LBµνHµν
d3k2
ε2
d3p2
E2
δ(k1 + p1 − k2 − p2) , (2)
where V = 2k1 · p1, ε2 and E2 are the energies of the scattered electron and recoil deuteron,
respectively, and q = k1 − k2 = p2 − p1 is the four-momentum of the heavy virtual photon
that probes the deuteron structure. In the case of longitudinally polarized electron beam we
have for the leptonic tensor, in the Born approximation, following expression
LBµν = q
2gµν + 2(k1µk2ν + k2µk1ν) + 2iPe(µνqk1) , (3)
6(µνab) = εµνλρaλbρ , ε1230 = 1 ,
where Pe is the degree of the electron beam polarization (further we assume that the electron
beam is completely polarized and consequently Pe = 1).
The hadronic tensor can be expressed via the deuteron electromagnetic current Jµ, de-
scribing the transition γ∗D → D, as
Hµν = JµJ
∗
ν . (4)
Using requirements of the Lorentz invariance, current conservation, parity and time-
reversal invariances of the hadron electromagnetic interaction, the general form of the elec-
tromagnetic current for the spin-one deuteron is completely described by three form factors
and it can be written as [20]
Jµ = (p1 + p2)µ
[
−G1(Q2)U1 · U∗2 +
G3(Q
2)
M2
(U1 · qU∗2 · q −
q2
2
U1 · U∗2 )
]
+
G2(Q
2)(U1µU
∗
2 · q − U∗2µU1 · q), (5)
where U1µ and U2µ are the polarization four-vectors for the initial and final deuteron states,
M is the deuteron mass. The functions Gi(Q
2) (i = 1, 2, 3) are the deuteron electromagnetic
form factors depending only upon the virtual photon four-momentum squared. Due to the
current hermiticity the form factors Gi(Q
2) are real functions in the region of the space-like
momentum transfer. We use here the convention Q2 = −q2.
These form factors can be related to the standard deuteron form factors: GC (the charge
monopole), GM (the magnetic dipole) and GQ (the charge quadrupole). These relations are
GM = −G2, GQ = G1 +G2 + 2G3,
GC =
2
3
η(G2 −G3) + (1 + 2
3
η)G1, η =
Q2
4M2
. (6)
The standard form factors have the following normalization:
GC(0) = 1 , GM(0) = (M/mn)µd , GQ(0) = M
2Qd ,
where mn is the nucleon mass, µd(Qd) is deuteron magnetic (quadrupole) moment and their
values are: µd = 0.857 [42], Qd = 0.2859fm
2 [43].
7If we write down the electromagnetic current in the following form Jµ = JµαβU1αU
∗
2β, then
the Hµν tensor can be written as
Hµν = JµαβJ
∗
νσγρ
i
ασρ
f
γβ , (7)
where ρiασ (ρ
f
γβ) is the spin-density matrix of the initial (final) deuteron.
Since we consider the case of a polarized deuteron target and unpolarized recoil deuteron,
the hadronic tensor Hµν can be expanded according to the polarization state of the initial
deuteron as follows:
Hµν = Hµν(0) +Hµν(V ) +Hµν(T ), (8)
where the spin-independent tensor Hµν(0) corresponds to the case of unpolarized initial
deuteron and the spin-dependent tensor Hµν(V ) (Hµν(T )) describes the case when the
deuteron target has vector (tensor) polarization.
We consider the general case of the initial deuteron polarization state which is described
by the spin-density matrix. We use the following general expression for the deuteron spin-
density matrix in the coordinate representation [44]
ρiαβ = −
1
3
(
gαβ − p1αp1β
M2
)
+
i
2M
(αβsp1) +Qαβ , (9)
where sµ is the polarization four-vector describing the vector polarization of the deuteron
target (p1 · s = 0, s2 = −1) and Qµν is the tensor describing the tensor (quadrupole) po-
larization of the initial deuteron (Qµν = Qνµ, Qµµ = 0, p1µQµν = 0). In the laboratory
system (initial deuteron rest frame) all time components of the tensor Qµν are zero and the
tensor polarization of the deuteron target is described by five independent space components
(Qij = Qji, Qii = 0, i, j = x, y, z). In the Appendix B we give the relation between the
elements of the deuteron spin-density matrix in the helicity and spherical tensor representa-
tions and the ones in the coordinate representation. We give also the relation between the
polarization parameters si, Qij and the population numbers n+, n− and n0 describing the
polarized deuteron target which is often used in the spin experiments.
In this paper we assume that the polarization of the recoil deuteron is not measured. So,
its spin-density matrix can be written as
ρfαβ = −
(
gαβ − p2αp2β
M2
)
.
8The spin-independent tensor Hµν(0) describes unpolarized initial and final deuterons and
it has the following general form
Hµν(0) = −W1(Q2)g˜µν + W2(Q
2)
M2
p˜1µp˜1ν , (10)
g˜µν = gµν − qµqν
q2
, p˜1µ = p1µ − p1 · q
q2
qµ .
Two real structure functionsW1,2(Q
2) have the following expressions in terms of the deuteron
electromagnetic form factors
W1(Q
2) =
2
3
Q2(1 + η)G2M ,
W2(Q
2) = 4M2(G2C +
2
3
ηG2M +
8
9
η2G2Q). (11)
In the considered case the spin-dependent tensor Hµν(V ), that describes the vector po-
larized initial deuteron and unpolarized final deuteron, can be written as
Hµν(V ) =
i
M
S1(µνsq) +
i
M3
S2[p˜1µ(νsqp1)− (12)
−p˜1ν(µsqp1)] + 1
M3
S3[p˜1µ(νsqp1) + p˜1ν(µsqp1)],
where three real structure functions Si(Q
2), i = 1 − 3 can be expressed in terms of the
deuteron electromagnetic form factors. They are
S1(Q
2) = M2(1 + η)G2M , S3(Q
2) = 0 ,
S2(Q
2) = M2[G2M − 2(GC +
η
3
GQ)GM ]. (13)
The third structure function S3(Q
2) is zero since deuteron form factors are real functions
in the elastic scattering (space-like momentum transfers). In the time-like region of the
momentum transfers (for annihilation processes, for example, e− + e+ → D + D¯), where
the form factors are complex functions, the structure function S3(Q
2) is not zero and it is
determined by the imaginary part of the form factors, namely: S3(Q
2) = 2M2Im(GC −
η/3GQ)G
∗
M (in this case Q
2 is the square of the virtual photon four-momentum).
In the case of tensor-polarized deuteron target the general structure of the spin-dependent
tensor Hµν(T ) can be written in terms of five structure functions as follows
Hµν(T ) = V1(Q
2)Q¯g˜µν + V2(Q
2)
Q¯
M2
p˜1µp˜1ν +
V3(Q
2)(p˜1µQ˜ν + p˜1νQ˜µ) + V4(Q
2)Q˜µν +
iV5(Q
2)(p˜1µQ˜ν − p˜1νQ˜µ), (14)
9where we introduce the following notations
Q˜µ = Qµνqν − qµ
q2
Q¯ , Q˜µqµ = 0 ,
Q˜µν = Qµν +
qµqν
q4
Q¯− qνqα
q2
Qµα − qµqα
q2
Qνα ,
Q˜µνqν = 0, Q¯ = Qαβqαqβ . (15)
The structure functions Vi(Q
2) (i = 1−5), which describe the part of the hadronic tensor
due to the tensor polarization of the deuteron target, have the following form in terms of
the deuteron form factors
V1(Q
2) = −G2M , V5(Q2) = 0 ,
V2(Q
2) = G2M +
4
1 + η
(GC +
η
3
GQ + ηGM)GQ,
V3(Q
2) = −2η[G2M + 2GQGM ] ,
V4(Q
2) = 4M2η(1 + η)G2M , . (16)
The fifth structure function V5(Q
2) is zero since deuteron form factors are real functions in the
considered kinematical region. In the time-like region of momentum transfers this structure
function is not zero and it is determined by the expression V5(Q
2) = −4ηImGQG∗M (in this
case Q2 is the square of the virtual photon four-momentum).
Using the definitions of the cross-section (2) as well as leptonic (3) and hadronic (8)
tensors, one can easily derive the expression for the unpolarized differential cross section (in
the Born (one-photon-exchange) approximation) in terms of the invariant variables suitable
for the calculation of the radiative corrections
dσunB
dQ2
=
πα2
V Q4
{
2ρW1 +
W2
τ
[1− ρ(1 + τ)]
}
, (17)
ρ =
Q2
V
, τ =
M2
V
.
In the laboratory system this expression can be written in a more familiar form using the
standard structure functions A(Q2) and B(Q2). Thus, the unpolarized differential cross
section for elastic electron-deuteron scattering takes the form
dσunB
dΩ
= σM
{
A(Q2) +B(Q2) tan2(
θe
2
)
}
, (18)
σM =
α2E ′ cos2( θe
2
)
4E3 sin4( θe
2
)
,
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where σM is the Mott cross section. Here E and E
′
are the incident and scattered electron
energies, θe is the electron scattering angle
E
′
= E[1 + 2(E/M) sin2(θe/2)]
−1 , Q2 = 4EE ′ sin2(θe/2).
The scattering angle in laboratory system can be written in terms of invariants
cos θe =
1− ρ− 2ρτ
1− ρ , sin θe =
2
√
ρτ(1− ρ− ρτ)
1− ρ .
Two structure functions A(Q2) and B(Q2) are quadratic combinations of three electro-
magnetic form factors describing the deuteron structure
A(Q2) = G2C(Q
2) +
8
9
η2G2Q(Q
2) +
2
3
ηG2M(Q
2), (19)
B(Q2) =
4
3
η(1 + η)G2M(Q
2).
From Eq. (18) one can see that the measurement of the unpolarized cross section
at various values of the electron scattering angle and the same value of Q2 allows to
determine the structure functions A(Q2) and B(Q2). Therefore, it is possible to deter-
mine the magnetic form factor GM(Q
2) and the following combination of the form factors
G2C(Q
2)+8η2G2Q(Q
2)/9. So, the separation of the charge GC and quadrupole GQ form factors
requires the polarization measurements.
Before to write similar distributions for the scattering of polarized particles, let us note
that for such experimental conditions there may exists, in the general case, the azimuthal
correlation between the reaction (electron scattering) plane and the plane (k1, s) if the initial
deuteron is polarized. But in the Born approximation, taking into account the P- and T-
invariance of the hadron electromagnetic interaction, such correlation is absent. Further
in this section we consider the situation when the polarization 3-vector s belongs to the
reaction plane and corresponding azimuthal angle equals to zero. Therefore, there exist only
two independent components of the polarization vector s which we call as longitudinal and
transverse ones.
To calculate the radiative corrections to the polarization observables it is convenient to
parameterize the polarization state of the target (in our case it is the deuteron polarization
four-vector sµ (describing the deuteron vector polarization) and quadrupole polarization
tensor Qµν (describing the deuteron tensor polarization)) in terms of the four-momenta of the
11
particles in the reaction under consideration. This parametrization is not unique and depends
on the directions along which one defines the longitudinal and transverse components of the
deuteron polarization in its rest frame.
As it was mentioned above, we have to define the longitudinal s(L) and transverse s(T )
polarization four-vectors. (Often the longitudinal and transverse components of the deuteron
polarization are defined along z and x axes). In our case it is naturally to choose the lon-
gitudinal direction, in the laboratory system, along the three-momentum transferred q (the
virtual photon momentum) and the transverse direction is perpendicular to the longitudinal
one in the reaction plane. The corresponding polarization four-vectors can be written as [34]
s(T )µ =
(4τ + ρ)k1µ − (1 + 2τ)qµ − (2− ρ)p1µ√
V c(4τ + ρ)
,
s(L)µ =
2τqµ − ρp1µ
M
√
ρ(4τ + ρ)
, c = 1− ρ− ρτ . (20)
These four-vectors satisfy the following conditions: s(L,T ) · p1 = 0, s(L) · s(T ) = 0, and
s(L,T )2 = −1. So, they have the necessary properties of the polarization four-vectors.
One can verify that the set of the four-vectors s
(L,T )
µ in the rest frame of the deuteron
(the laboratory system) has the form
s(L)µ = (0,L), s
(T )
µ = (0,T), (21)
L =
k1 − k2
|k1 − k2| , T =
n1 − (n1L)L√
1− (n1L)2
, n1 =
k1
|k1| .
This leads to simple expressions for the spin-dependent hadronic tensors (due to the vec-
tor polarization of the deuteron target) corresponding to the longitudinal and transverse
direction of the spin four-vector sµ
HTµν(V ) = −
iGMG
4
√
(4τ + ρ)
τc
[
(4τ + ρ)(µνqk1)−
(2− ρ)(µνqp1)
]
,
HLµν(V ) =
iG2M
4τ
(µνqp1)
√
ρ(4τ + ρ) , (22)
where
G = 2GC +
2
3
ηGQ .
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The spin-dependent parts of the cross-section, due to the vector polarization of the initial
deuteron and longitudinal polarization of the electron beam, can be written as
dσLB
dQ2
= − πα
2
4τV 2
2− ρ
ρ
√
ρ(4τ + ρ)G2M , (23)
dσTB
dQ2
= − πα
2
V Q2
√
(4τ + ρ)c
τ
GMG , (24)
where we assume that Pe in Eq.(3) equals to one and the degree of the vector polarization
(longitudinal or transverse) of the deuteron target is 100 percent.
In the laboratory system these expressions lead to the following asymmetries (or the spin
correlation coefficients) in the elastic electron-deuteron scattering in the Born approximation.
These asymmetries are due to the vector polarization of the deuteron target, correspond-
ing to the longitudinal and transverse direction of the spin four-vectors s
(L)
µ and s
(T )
µ , and
longitudinal polarization of the electron beam
I0A
L
B = −η
√
(1 + η)(1 + η sin2(
θe
2
)) tan(
θe
2
) sec(
θe
2
)G2M , (25)
I0A
T
B = −2 tan(
θe
2
)
√
η(1 + η)GM(GC +
η
3
GQ) , (26)
where
I0 = A(Q
2) +B(Q2) tan2(
θe
2
).
It is worth to note that the ratio of the longitudinal polarization asymmetry to the
transverse one ALB/A
T
B is
ALB
ATB
=
√
η(1 + η sin2(
θe
2
)) sec(
θe
2
)
GM
G
. (27)
This ratio is expressed in terms of the deuteron form factors GM and G in the same way
as the corresponding ratio in the case of the elastic electron-proton scattering is expressed
via proton electromagnetic form factors GpM and G
p
E , respectively [20, 45]. This is direct
consequence of the relation between the protonHpµν(V ) and deuteron Hµν(V ) spin-dependent
hadronic tensors which depend on the proton polarization and deuteron vector polarization,
respectively
Hµν(V )(GM , G) = −4τ + ρ
8τ
Hpµν(V )(G
p
M , G
p
E). (28)
Let us consider now the tensor polarized deuteron target. If we introduce for the com-
pleteness the orthogonal (to the reaction plane) four-vector s
(N)
µ defined as
s(N)µ =
2εµλρσp1λk1ρk2σ
V
√
V cρ
, (29)
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then one can verify that the set of the four-vectors s
(I)
µ , I = L, T,N satisfies the conditions
s(α)µ s
(β)
µ = −δαβ , s(α)µ p1µ = 0, α, β = L, T,N .
In the rest frame of the deuteron (the laboratory system) the four-vector s
(N)
µ has the
form
s(N)µ = (0,N), N =
n1 × n2√
1− (n1n2)2
, n2 =
k2
|k2| ,
then the vector N is directed along y axis. If to add one more four-vector s
(0)
µ = p1µ/M to
the set of the four-vectors defined by the Eqs. (20) and (29), we receive the complete set of
the orthogonal four-vectors with the following properties
s(m)µ s
(m)
ν = gµν , s
(m)
µ s
(n)
µ = gmn, m, n = 0, L, T,N.
This set of the four-vectors allows to express the deuteron quadrupole polarization tensor,
in general case, as follows
Qµν = s
(m)
µ s
(n)
ν Rmn ≡ s(α)µ s(β)ν Rαβ ,
Rαβ = Rβα, Rαα = 0, (30)
because the time components R00, R0α and Rα0 equal identically to zero due to the condition
Qµνp1ν = 0. Quantities Rαβ are, in fact, the degrees of the tensor polarization of the deuteron
target in its rest system (laboratory system). In the Born approximation the components
RNL and RNT do not contribute to the observables and this expansion can be rewritten in
the following standard form
Qµν =
[
s(L)µ s
(L)
ν −
1
2
s(T )µ s
(T )
ν
]
RLL +
1
2
s(T )µ s
(T )
ν
(
RTT−
RNN
)
+
(
s(L)µ s
(T )
ν + s
(T )
µ s
(L)
ν
)
RLT , (31)
where we took into account that RLL +RTT +RNN = 0.
The part of the cross section in the Born approximation that depends on the tensor
polarization of the deuteron target can be written as
dσQB
dQ2
=
dσLLB
dQ2
RLL +
dσTTB
dQ2
(RTT − RNN ) + dσ
LT
B
dQ2
RLT ,
where
dσLLB
dQ2
=
πα2
Q4
2cη
{
8GCGQ +
8
3
ηG2Q +
2c+ 4τρ+ ρ2
2c
G2M
}
,
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dσTTB
dQ2
=
πα2
Q4
2cηG2M ,
dσLTB
dQ2
= −πα
2
Q4
4η(2− ρ)
√
cρ
τ
GQGM . (32)
In the laboratory system these expressions lead to the following asymmetries (or analyzing
powers) in the elastic electron-deuteron scattering caused by the tensor polarization of the
deuteron target and unpolarized electron beam (in the Born approximation)
I0A
Q
B = A
LL
B RLL + A
TT
B (RTT −RNN ) + ALTB RLT , (33)
where
I0A
LL
B =
1
2
{
8ηGCGQ +
8
3
η2G2Q + η[1 + 2(1 + η) tan
2(
θe
2
)]G2M
}
,
I0A
TT
B =
1
2
ηG2M , I0A
LT
B = −4η
√
η + η2 sin2(
θe
2
) sec(
θe
2
)GQGM . (34)
Using the P-invariance of the hadron electromagnetic interaction, one can parameterize
the differential cross section for elastic scattering of longitudinally polarized electron beam
on the polarized deuteron target as follows (for the case of the coordinate representation of
the deuteron and electron spin-density matrices)
dσ
dQ2
=
dσun
dQ2
[1 + ANsy + A
LLRLL+
ALTRLT + A
TT (RTT − RNN)+
Pe(A
Lsz + A
T sx + A
LNRLN + A
TNRTN)], (35)
where dσun/dQ2 is the differential cross section for unpolarized particles, AN is the asymme-
try (analyzing power) due to the normal component of the deuteron vector polarization (sy),
ALL, ALT and ATT are the asymmetries (analyzing powers) due to the deuteron tensor polar-
ization which correspond to the RLL, RLT and (RTT −RNN ) components of the quadrupole
tensor; AL, AT are the correlation parameters due to the longitudinal polarization of the
electron beam and sz, sx components of the deuteron vector polarization and A
TN , ALN are
the correlation parameters due to the longitudinal polarization of the electron beam and
RTN , RLN components of the quadrupole tensor. Note that the amplitude of the elastic
electron-deuteron scattering is real in the Born (one-photon-exchange) approximation. This
fact leads to zero values of the following polarization observables in this approximation: AN ,
ATN and ALN .
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The formalism of the spherical tensors is also used for the parametrization of the deuteron
spin-density matrix (for the details see Appendix B). In this case the equation (35) can be
written as
dσ
dQ2
=
dσun
dQ2
[1 + 2Imt11T11+
t20T20 + 2Ret21T21 + 2Ret22T22+
Pe(t10C10 + 2Ret11C11 + 2Imt21C21 + 2Imt22C22)], (36)
where tkq are the polarization tensor describing the polarization state of the deuteron target,
Tkq and Ckq are the analyzing powers and correlation parameters of the reaction, respectively.
The relations between the polarization observables in the coordinate representation and
approach of the spherical tensors are the following
T11 = − 1√
3
Ay, T20 = −
√
2
3
Azz, T21 =
1
2
√
3
Axz,
T22 = − 1√
3
Axx , C10 =
√
2
3
Az, C11 = − 1√
3
Ax,
C21 =
1
2
√
3
Ayz, C22 = − 1
2
√
3
Axy. (37)
If the longitudinal direction is determined by the recoil deuteron three-momentum, the
relations (21) do not affected by hard photon radiation in the lepton part of interaction (this
corresponds to use of the so-called hadronic variables) because q = p2 − p1. But when this
direction is reconstructed from the experiment using the three-momentum of the detected
scattered electron (lepton variables), these relations break down because q 6= k1 − k2 in
this case. It means that in the leptonic variables the parametrization (20) is unstable and
radiation of hard photon by electron leads to mixture of the longitudinal and transverse
polarizations.
One can get rid of such mixture if we choose, in the laboratory system of the reaction
(1), the longitudinal direction l along the electron beam momentum and the transverse one
t - in the plane (k1,k2) and perpendicular to l. Then the corresponding parametrization of
the polarization four-vectors is [34]
s(l)µ =
2τk1µ − p1µ
M
, s(n)µ = s
(N)
µ ,
s(t)µ =
k2µ − (1− ρ− 2ρτ)k1µ − ρp1µ√
V cρ
. (38)
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One can verify that the set of these polarization four-vectors s
(l,t,n)
µ in the rest frame of the
deuteron (the laboratory system) has the form
s(l)µ = (0, l), s
(t)
µ = (0, t), s
(n)
µ = (0,n) , (39)
l = n1, t =
n2 − (n1n2)n1√
1− (n1n2)2
, n =
n1 × n2√
1− (n1n2)2
.
And this set of the polarization four-vectors (together with four-vector s
(0)
µ ) is also a complete
set of orthogonal four-vectors with the properties
s(m)µ s
(m)
ν = gµν , s
(m)
µ s
(n)
µ = gmn, m, n = 0, l, t, n.
Hadronic tensors H l,tµν corresponding to the longitudinal and transverse directions of the new
spin four-vectors have the following form
H lµν = i
4τ + ρ
4τ
{
G
[
− 2τ(µνqk1) + 2τ(2− ρ)
4τ + ρ
(µνqp1)
]
+GM
ρ(1 + 2τ)
4τ + ρ
(µνqp1)
}
GM , (40)
H tµν = i
√
ρτ
c
{
G(1 + 2τ)
[2− ρ
4τ
(µνqp1)− 4τ + ρ
4τ
(µνqk1)
]
−GM c
2τ
(µνqp1)
}
GM . (41)
In the case of the scattering off vector-polarized deuteron target the tensors HL,Tµν and
H l,tµν corresponding to two choices of the spin four-vectors are connected by trivial relations
HLµν = cos θ H
l
µν + sin θ H
t
µν , H
T
µν = − sin θ H lµν + cos θ H tµν ,
where
cos θ = −(s(L)s(l)) , sin θ = −(s(L)s(t)) .
The simple calculation leads to
cos θ =
ρ(1 + 2τ)√
ρ(4τ + ρ)
, sin θ = −2
√
cτ
4τ + ρ
. (42)
These relations are the consequence of the fact that two sets of the spin four-vectors
are connected by means of orthogonal matrix which describes the rotation in the plane
perpendicular to the direction n = N
s(A)µ = VAβ(θ)s
(β)
µ , V (θ) =
 cos θ sin θ
− sin θ cos θ
 ,
where A = L , T , β = l , t .
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Using this rotation matrix one can write the spin-dependent parts (due to the vector
polarization of the target) of the Born cross-section, which correspond to parametrization
(38), in the simple way
dσβB
dQ2
= VβA(−θ)dσ
A
B
dQ2
, (43)
where the quantities dσLB/dQ
2 and dσTB/dQ
2 are defined by Eqs.(23) and (24). Therefore,
we can write
dσlB
dQ2
= −πα
2
V 2
[1 + 2τ
4τ
(2− ρ)GM + 2c
ρ
G
]
GM , (44)
dσtB
dQ2
=
πα2
V Q2
√
cρ
τ
[1
2
(2− ρ)GM − (1 + 2τ)G
]
GM . (45)
In the case of the tensor polarization of the deuteron target, the relations which are an
analogue of Eq.(43) read
dσβB
dQ2
= TβA(−θ)dσ
A
B
dQ2
, (46)
where now A = LL, TT, LT ; β = ll, tt, lt , respectively. The rotation matrix in this case
can be written as
T (θ) =

1
4
(1 + 3 cos 2θ) 3
4
(1− cos 2θ) 3
4
sin 2θ
1
4
(1− cos 2θ) 1
4
(3 + cos 2θ) −1
4
sin 2θ
− sin 2θ sin 2θ cos 2θ

where the partial cross sections dσIJB /dQ
2, I, J = L, T are defined in Eq.(32) as the coef-
ficients in front of the quantities RLL, RTT − RNN and RLN , respectively, and the partial
cross sections in the left hand side of Eq.(46) are defined as follows
dσQB
dQ2
=
dσllB
dQ2
Rll +
dσttB
dQ2
(Rtt − Rnn) + dσ
lt
B
dQ2
Rlt. (47)
The partial spin-dependent cross sections in this case are
dσttB
dQ2
=
2πα2
Q4
cη
[
(1 + τρ)G2M +
2ρ
ρ+ 4τ
(2− ρ)(1 + 2τ)GMGQ + 2c
1 + η
GQG
]
,
dσltB
dQ2
= −8πα
2
Q4
η
√
cη
{1 + 2τ
1 + η
[
ρτ(1+η)G2M +2cGQG
]
+2
[
2ρ
1 + 2τ
ρ+ 4τ
(c+ τ + τη)− c
]
GMGQ
}
,
dσllB
dQ2
= −2πα
2
Q4
η
{[ρ
2
(2 + 4τ − ρ)− 1− 3ρ2τ(1 + τ)
]
G2M + 6cρ(2− ρ) (48)
1 + 2τ
ρ+ 4τ
GMGQ +
c
τ(1 + η)
[
2τ − ρ− 6ρτ(1 + τ)
]
GQG
}
.
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As one can see, now the spin-dependent part of the cross section, due to the tensor
polarization of the deuteron target, is expressed in terms of new polarization parameters
Rll, Rtt − Rnn and Rlt which are defined in accordance with the new longitudinal and
transverse directions given by Eq.(38), and the coefficients in front of these quantities, in
the right side of Eq.(47), define the corresponding partial cross sections dσijB/dQ
2. The new
polarization parameters are related to RLL, RTT − RNN and RLT
Rll =
1
4
(1 + 3 cos 2θ)RLL +
1
4
(1− cos 2θ)(RTT − RNN)− sin 2θRLT ,
Rll −Rnn = 3
4
(1− cos 2θ)RLL + 1
4
(3 + cos 2θ)(RTT − RNN) + sin 2θRLT ,
Rlt =
3
4
sin 2θRLL − 1
4
sin 2θ(RTT −RNN ) + cos 2θRLT .
Consider now the scattering of the longitudinally polarized electron beam by the unpo-
larized deuteron target provided that the recoil deuteron is polarized. In this case we can
calculate both the vector and tensor polarizations of the recoil deuteron by means of the
results given above. To do this note that the polarization state of the recoil deuteron can be
described by the longitudinal and transverse polarization four-vectors S
(L)
µ and S
(T )
µ , which
satisfied relations S2 = −1, S · p2 = 0, and they are
S(L)µ =
2τqµ + ρp2µ
M
√
ρ(4τ + ρ)
, S(T )µ = s
(T )
µ . (49)
Note that the spin-dependent part of the hadronic tensor describing the vector polariza-
tion of the deuteron target, Eq.(12), can be written in the following equivalent form
Hµν(V ) =
iGM
2M
[(GM −G)s · p2(µνqp1)+
2M2(1 + η)G(µνqs)]. (50)
The spin-dependent part of the hadronic tensor HRµν(V ), which corresponds to the case
of the vector polarized recoil deuteron, can be derived from this equation by following sub-
stitution: sµ → Sµ, p1 ↔ −p2. In fact this means that we have to change the term s · p2 in
the right side of Eq. (50) by the term S · p1. The vector polarization of the recoil deuteron
(longitudinal PL or transverse P T ) is defined as a ratio of the spin-dependent part of the
cross section to the unpolarized one. Taking into account that S(L) · p1 = −s(L) · p2 and
s(T ) · q = 0 we conclude that
PL = −AL, P T = AT , (51)
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where AL and AT are the respective vector asymmetries for the scattering of the longitudi-
nally polarized electron beam by the vector polarized deuteron target (we assume that beam
and target have 100 percent polarization).
Here we want to pay attention to the fact that determination of the ratio GM/G by
means of the measurement of the ratio of the asymmetries AL/AT , in the scattering of
the longitudinally polarized electron beam by the vector polarized deuteron target, may be
more attractive than by measuring the ratio of the polarizations PL/P T , in the polarization
transfer (from the longitudinally polarized electron beam to the recoil deuteron) process,
because in the last case the second scattering is necessary. This decreases the corresponding
events number for about two orders [46] and increasing essentially the statistical error. The
problem with depolarization effect that appears in the scattering of high-intensity electron
beam on the polarized solid target can be avoided using the polarized gas deuteron target
[13].
By analogy, the components of the tensor polarization of the recoil deuteron are defined
by the ratios of the corresponding partial spin-dependent cross sections to the unpolarized
one
R˜LL =
dσLLB
dσunB
, R˜LT =
dσLTB
dσunB
, R˜TT − R˜NN = dσ
TT
B
dσunB
.
The spin-dependent part of the hadronic tensor HRµν(T ), which corresponds to the case of
the tensor polarized recoil deuteron, can be derived from Eq.(14) by changing sign of the
structure function V3(Q
2). The straightforward calculations using this updated tensor and
parametrization (49) leads to the following results: i) both diagonal partial cross sections in
the right-hand side of the last equations are the same ones as defined by the first and second
line in Eqs.(32) for the scattering off the polarized target, ii) partial cross section dσLTB /dQ
2
changes sign as compared with the one given by the third line in Eqs.(32).
3. RADIATIVE CORRECTIONS
There exist two sources of the radiative corrections when we take into account the cor-
rections of the order of α. The first one is caused by virtual and soft photon emission that
cannot affect the kinematics of the process (1). The second one arises due to the radiation
of a hard photon
e−(k1) +D(p1)→ e−(k2) + γ(k) +D(p2) , (52)
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because cuts on the event selection used in the current experiments allow to radiate photons
with the energy about 100MeV and even more [16, 46]. Such photons cannot be interpreted
as "soft" ones. The form of the radiative corrections caused by the contribution due to the
hard photon emission depends strongly on the choice of the variables which are used to
describe process (52) [47].
We calculate the radiative corrections in the leptonic variables. This corresponds to the
experimental setup when the energy and momentum of the virtual photon is determined
with the help of the measured energy and momentum of the scattered electron.
The hadronic variables (in this case the reconstruction of the virtual photon kinematics
is done using the recoil deuteron energy and momentum) were used formerly to compute
the radiative corrections in the elastic and deep-inelastic polarized electron-proton scattering
[47, 48], and elastic polarized electron-deuteron scattering [35].
We calculate here the model-independent radiative corrections which includes all QED
corrections to the lepton part of the interaction and insertion of the vacuum polarization
into the exchanged virtual photon propagator.
The general analysis of the two-photon exchange (box diagrams) contribution to the polar-
ization observables in the elastic electron-deuteron scattering was done in the Refs. [49, 50].
The numerical estimation of the two-photon exchange effect on the deuteron electromagnetic
form factors was given in the Ref. [51].
3.1. Unpolarized cross section
The model-independent radiative corrections to the unpolarized and polarized (due to
the vector polarization of the deuteron target) cross sections of the elastic electron-deuteron
scattering can be obtained using the results of the paper [45] where the QED corrections
for the polarized elastic electron-proton scattering were calculated in the framework of the
electron structure functions.
The spin-independent part of the cross section for the elastic electron-deuteron scattering
can be derived from the respective part of the elastic electron-proton scattering by a simple
rule using following relation between spin-independent hadronic tensors describing electron-
deuteron and electron-proton scattering
Hd(un)µν =
4τ + xyr
4τ
Hp(un)µν
(
G2Mp →
2
3
G2M ,
21
G2Ep → G2C +
x2y2r2
18τ 2
G2Q
)
, (53)
where the variables x, y and r are defined as follows
x =
Q2
2p1(k1 − k2) , y =
2p1(k1 − k2)
V
,
r =
−(k1 − k2 − k)2
Q2
. (54)
Remember that k is the four-momentum of the hard photon in the reaction (52).
The radiatively corrected cross section can be written by means of the electron structure
functions in the following form (master formula)[52]
dσ(k1, k2)
d Q2
=
ymax∫
ymin
d y
1∫
z1m
d z1
1∫
z2m
d z2D(z1, L)·
1
z22
D(z2, L)
dσhard(k˜1, k˜2)
dQ˜2 dy˜
, L = ln
Q2
m2
, (55)
where m is the electron mass and the limits of the integration with respect to the variables
y, z1 and z2 are defined below, the quantity D(z, L) is the electron structure function. The
numerical estimations of the radiative corrections (see below) have been done with the help
of the exponentiation form of the electron structure function which is given in Ref. [45, 53].
For the different representations of the photon contribution to the electron structure function
see, for example, Ref. [54].
The reduced variables which define the cross section with emission of the hard photon in
the integrand are
k˜1 = z1k1 , k˜2 =
k2
z2
, Q˜2 =
z1
z2
Q2 , y˜ = 1− 1− y
z1z2
.
The hard part of unpolarized (spin-independent) cross section can be written as follow
dσhard
dQ2dy
=
dσunB
dQ2dy
(
1 +
α
2π
δ(x, ρ)
)
+Hx +Hxr , (56)
where
δ(x, ρ) = −1− π
2
3
− 2f
( x− ρ(1 + xτ)
x(1− ρ)(1− z+)
)
− ln2 (1− ρ)
1− z+ , f(x) =
x∫
0
d t
t
ln(1− t) ,
22
Hx =
α
V 2
[1− r1
1− ρ Pˆ1 −
1− r2
1− z+ Pˆ2
]
N(x, r)
α2(rQ2)
r
,
Hxr =
α
V 2
{ r+∫
r−
2xW (x, r)dr√
ρ2 + 4ρx2τ
+ P
r+∫
r−
d r
1− r
[ 1− Pˆ1
|r − r1|
(1 + r2
1− ρ N(x, r)+
+(r1 − r)T1(x, r)
)
− 1− Pˆ2|r − r2|
( 1 + r2
1− z+N(x, r) + (r2 − r)T2(x, r)
)]}α2(rQ2)
r
,
N(x, r) =
2
3
(1 + λr)G
2
M(rQ
2) +
2
ρ2r
(
1− ρ
x
− ρτ)G2(λr, rQ2) ,
W (x, r) =
2
3
(1 + λr)G
2
M(rQ
2)− 2τ
rρ
G2(λr, rQ
2) ,
T1(x, r) = − 2
ρ2r
[
1− r(x− ρ)
x
]
G2(λr, rQ
2) , T2(x, r) = − 2
ρ2r
[
1− r − ρ
x
]
G2(λr, rQ
2) ,
λr =
ρr
4τ
, G2(λr, rQ
2) = G2C(rQ
2) +
2
3
λrG
2
M(rQ
2) +
8
9
λ2rG
2
Q(rQ
2) , z+ =
ρ
x
(1− x) .
The limits of integration with respect to the variable r in expression Hxr can be written
as
r± =
1
2x2(τ + z+)
[
2x2τ + (1− x)
(
ρ±
√
ρ2 + 4x2ρτ
)]
.
The limits of integration in the master formula (55) at fixed values of ρ can be derived
from the restriction on the lost invariant mass for the hard subprocess:
M2 < (k˜1 + p1 − k˜2)2 < (M +∆M)2 , (57)
where usually ∆M is smaller than the pion mass to exclude inelastic hadronic events. It
means that
z2m = ρ+
1− y
z1
, z1m =
1− y
1 − ρ , ymin = ρ ,
ymax = ρ+∆th , ∆th = (∆
2
M + 2M∆M )/V . (58)
The action of the projection operators Pˆ1 and Pˆ2 is defined as follows
Pˆ1f(r, x) = f(r1, x) , Pˆ2f(r, x) = f(r2, x) , (59)
where
r1 =
x− ρ
x(1− ρ) , r2 =
x
x− ρ(1− x) =
1
1− z+ .
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The symbol of the principal value P in expression for Hxr means that one has to ignore
nonphysical singularity at r = 1, other words
P
r+∫
r−
f(r)d r
(1− r)|r − r1| =
r+∫
r−
d r
(1− r)
[
f(r)
|r − r1|−
f(1)
|1− r1|
]
+
f(1)
|1− r1| ln
1− r−
r+ − 1 . (60)
The Born unpolarized cross section that enters into hard cross-section (56) is defined by
expression (17) multiplied by delta function δ(y − ρ).
To compare our calculations with other ones it is very important to extract the first order
correction from the master formula. For this goal it is enough to use well known iterative
form of the electron structure function entering Eq.(55) taking into account terms of the
order of α, namely
D(zi, L) = lim
∆i→0
[
δ(1− zi) + α(L− 1)
2π
P1(zi)
]
,
P1(z) =
1 + z2
1− z Θ(1− z −∆i) + δ(1− z)
(3
2
+ 2 ln∆i
)
.
The exact form of the infrared parameters ∆1 and∆2 is given in Ref. [45] but it is unessential
because they cancel in the final result that can be written as follows
d σ
dQ2
=
d σB
dQ2
[
1 +
α
2π
(
δ(1, ρ) + (L− 1)G0
)]
+
α
2π
(L− 1)G1 +
ymax∫
ymin
(Hx +Hxr)d y, (61)
where
G0 = g(z) + g(z˜) , G1 = I(z) + I˜(z˜) , z =
∆th
1− ρ ,
g(x) =
3
2
− 2x+ x
2
2
+ 2 ln x , z˜ = ∆th ,
I(z) =
1∫
1−z
1 + z21
1− z1
[
dσB(z1k1, k2)
dQ2
− dσB(k1, k2)
dQ2
]
d z1
and I˜ can be derived from I by substitution dσB(k1, z
−1
2 k2) instead of dσB(z1k1, k2) and
z1 → z2.
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3.2. Correction to the part of the cross section caused by the vector polarization of the
deuteron target
The correction to the spin-dependent part of the cross section, provided that the deuteron
target has vector polarization, can be obtained from corresponding formulas of the electron-
proton scattering by full analogy with unpolarized case. The only difference consists in new
connection between spin-dependent hadronic tensors that reads
Hd(l,t)µν = −
4τ + xyr
8τ
Hp(l,t)µν
(
GMp → GM ,
GEp → 2GC + xyr
6τ
GQ
)
. (62)
We again can start from the Drell-Yan representation but now for the spin-dependent part
of the cross section. Remind that this representation is valid in this case if the radiation of
collinear photons by the initial and final electrons do not change longitudinal (l) and trans-
verse (t) polarizations. Such stabilize polarization four-vectors of the deuteron polarization
can be written in the form
S˜(l)µ =
2τk1µ − p1µ
M
,
S˜(t)µ =
−xyp1µ + k2µ − [−2xyτ + (1− y)]k1µ√
V xy(1− y − xyτ) . (63)
One can verify that the polarization four-vector S˜(l) in the laboratory system has components
(0, ~n), where three-vector ~n has orientation of the initial electron three-momentum ~k1. One
can verify also that S˜(t)S˜(l) = 0 and in the laboratory system
S˜(t) = (0,n⊥) , n⊥
2 = 1 , nn⊥ = 0 ,
where three-vector n⊥ belongs to the plane (k1,k2).
It is convenient to write down the master formula for the spin-dependent differential cross
sections dσl and dσt in the form
dσl,t(k1, k2, S˜)
dQ2
=
ymax∫
ymin
d y
dσl,t
dQ2d y
,
dσl,t
dQ2d y
=
1∫
z1m
d z1
1∫
z2m
d z2
z22
D(p)(z1, L)•
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D(z2, L)
dσl,thard(k˜1, k˜2, S˜)
dQ˜2 dy˜
. (64)
Function D(p)(z, L) is the electron structure function for the case of the longitudinally polar-
ized electron. It differs fromD(z, L) yet in the second order due to collinear electron-positron
pair production in the so-called nonsinglet channel (for the details see Ref. [55]).
If the longitudinal direction L is chosen along the three-momentum k1 − k2 in the lab-
oratory system, which for non-radiative process coincides with direction of the three-vector
q, and the transverse one T lies in the plane (k1,k2), one has to use
S(L)µ =
2τ(k1 − k2)µ − y p1µ
M
√
y(y + 4xτ)
,
S(T )µ =
(1 + 2xτ)k2µ − (1− y − 2xτ)k1µ − x(2− y)p1µ√
V x(1− y − xyτ)(y + 4xτ) .
In this case we use relations
dσ(A)(k1, k2, S)
dQ2
=
ymax∫
ymin
d y VAβ(ψ)
dσβ(k1, k2, S˜)
dQ2d y
, (65)
where by the full analogue with Eq.(42)
cosψ = −(S(L)S˜(l)), sinψ = −(S(L)S˜(t))
cosψ =
y + 2xyτ√
y2 + 4xyτ
, sinψ = −2
√
xyτ(1− y − xyτ)
y2 + 4xyτ
.
The vector asymmetries in the considered process with accounting radiative corrections are
defined as a following ratios
Al,tC =
dσl,t(k1, k2, S˜)
dσ(k1, k2)
, AL,TC =
dσL,T (k1, k2, S)
dσ(k1, k2)
, (66)
where the unpolarized cross-section is described by Eq.(55), and the partial cross-sections
caused by correlation between the deuteron vector polarizations and the electron longitudinal
polarization (we use Pe = 1) are defined by Eqs. (64) and (65), respectively. Therefore, the
calculation of the asymmetry, including the radiative corrections, requires the knowledge of
the radiative corrections for both spin-independent and spin-dependent parts of the cross
section.
The hard part of the polarized cross section which enter under the integral sign in the
right-hand side of Eq.(64) can be written in the very similar, but slightly different, form as
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compared with unpolarized case
dσl,thard
dQ2dy
=
dσl,tB
dQ2dy
(
1 +
α
2π
δ(x, ρ)
)
+H l,tx +H
l,t
xr , (67)
H l,tx = −
αU l,t
8τV 2
{
−1− r1
1− ρ Pˆ1N
l,t
1 −
1− r2
1− z+ Pˆ2N
l,t
2
}α2(rQ2)
r
,
H l,txr = −
αU l,t
8τV 2
{ r+∫
r−
2xW l,tdr√
ρ2 + 4x2ρτ
+ P
r+∫
r−
dr
1− r
[ 1− Pˆ1
|r − r1|
(1 + r2
1− ρ N
l,t
1 + (r1 − r)T l,t1
)−
1− Pˆ2
|r − r2|
( 1 + r2
1− z+N
l,t
2 + (r2 − r)T l,t2
)]}α2(rQ2)
r
.
The rest of our short notation is
U l = 1 , U t =
√
τ
xρ
1
(x− ρ− xρτ) ,
W l = −2ρτ
x
W , W t = −ρ
2
x2
(1 + 2xτ)W , W = [x(1 + r)− 1]G2M +
[
1 +
4xτ
ρr
(1 + r)
]
GMG˜ ,
N l1 = (2τ + r)(2− ρ)G2M + 8τ
(1− ρ
ρ
− τ
r
)
GMG˜ ,
N l2 = (2τ + 1)(2− ρr)G2M + 8τ
( 1
ρr
− 1− τ))GMG˜ ,
N t1 =
[
1− ρ
x
+ r − ρ(r + 2τ)][−(2− ρ)G2M + 2(1 + 2τr )GMG˜] ,
N t2 =
[
1− ρ
x
+
1
r
− ρ(1 + 2τ)][−(2 − ρr)G2M + 2(1 + 2τ)GMG˜] ,
T l1 = 2
[
(r + 2τ)G2M + 2τ
(2
ρ
− 1)GMG˜] , T l2 = −2[(1 + 2τ)G2M + 2τ( 2ρr − 1)GMG˜] ,
T t1 = 2
{−[r(1− ρ) + 1− ρ
x
− 2ρτ)]G2M + [1−
ρ
x
− 2ρτ + r + 4τ ]GMG˜
}
,
T t2 = 2
[1
r
− ρ(1 + 2τ) + 1− ρ
x
]
G2M − 2
[
ρ+ 2
τ − 1
r
+
1
r
+ 1− ρ
x
)
]
GMG˜ .
Note that the argument of the electromagnetic form factors in Eq.(67) is −Q2r and
G˜(rQ2) = 2GC(rQ
2) +
ρr
6τ
GQ(rQ
2).
The spin-dependent Born cross sections on the right-hand side of Eq.(67) are defined by
expressions (44) and (45) being multiplied by δ(y − ρ).
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Now we can write the first order correction for the spin-dependent part of the cross section
by the full analogy with unpolarized case
d σl,t
dQ2
=
d σl,tB
dQ2
[
1 +
α
2π
(
δ(1, ρ) + (L− 1)G0
)]
+
α
2π
(L− 1)Gl,t1 +
ymax∫
ymin
(H l,tx +H
l,t
xr)dy , (68)
where Gl,t1 can be derived from G1 (see Eq. (61)) by simple substitution dσ → dσl,t.
3.3. Correction to the part of the cross section caused by the tensor polarization of the
deuteron target
The radiative corrections to the polarization observables in the elastic electron-deuteron
scattering caused by the tensor polarized deuteron target can be obtained using the results
of the paper [56] where the model-independent radiative corrections to the deep-inelastic
scattering of unpolarized electron beam off the tensor polarized deuteron target have been
calculated.
To obtain the required corrections it is necessary first to get the contribution of the elas-
tic radiative tail (the account for the radiative corrections to the elastic electron-deuteron
scattering). It can be obtained using the results of the Ref. [56] where the radiative correc-
tions to the deep-inelastic scattering of unpolarized electron beam on the tensor polarized
deuteron target have been calculated. We can obtain these radiative corrections from the
formula (46) of the Ref. [56] by the following substitution in the hadronic tensor
Bi(q
2, x′)→ − 1
q2
δ(1− x′)B(el)i , i = 1− 4, (69)
where Bi(q
2, x′) are the spin-dependent structure functions, caused by the tensor polarization
of the deuteron, describing the transition γ∗d → X and the functions B(el)i are their elastic
limit (when the final state X is the deuteron). Here q2 = (k1 − k2 − k)2. So, the elastic
structure functions can be expressed in terms of the deuteron electromagnetic form factors
as
B
(el)
1 = η¯q
2G2M , B
(el)
3 = 2η¯
2q2GM(GM + 2GQ) ,
B
(el)
2 = −2η¯2q2[G2M +
4GQ
1 + η¯
(GC +
η¯
3
GQ + η¯GM)] ,
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B
(el)
4 = −2η¯q2(1 + η¯)G2M , η¯ = −q2/4M2. (70)
After substitution of the elastic functions B
(el)
i into the formula (46) of the Ref. [56] we
have to do an integration over z variable (it shows the degree of deviation of the deep-inelastic
scattering from the elastic process) using a δ-function δ(1 − x′) = xyrδ(z). Thus, the value
z = 0 corresponds to the elastic contribution (elastic electron-deuteron scattering) to the
deep-inelastic process. Note that the z variable used in the Ref. [56] has different meaning as
compared to the z variable used in this paper. And at last, to obtain the radiative corrections
to the process of the elastic electron-deuteron scattering it is necessary to do integration of
the elastic radiative tail contribution over the x variable.
As a result we obtain the following expression for the radiatively corrected spin-dependent
part of the cross section caused by the tensor polarization of the deuteron target in the elastic
electron-deuteron scattering
dσQ
dQ2
=
dσll
dQ2
Rll +
dσtt
dQ2
(Rtt − Rnn) + dσ
lt
dQ2
Rlt, (71)
where the spin-dependent parts of the cross section dσmn, mn = ll, lt, tt, can be written by
means of the electron structure function in the following form
dσmn(k1, k2, S˜)
dQ2
=
ymax∫
ymin
d y
dσmn
dQ2d y
,
dσmn
dQ2d y
=
1∫
z1m
d z1
1∫
z2m
d z2
z22
D(z1, L)•
D(z2, L)
dσmnhard(k˜1, k˜2, S˜)
dQ˜2 dy˜
. (72)
By full analogy with Eq.(65) one can write for the tensor partial cross-sections defined
with respect to L and T directions
dσ(A)(k1, k2, S)
dQ2
=
ymax∫
ymin
d y TAβ(ψ)
dσβ(k1, k2, S˜)
dQ2d y
. (73)
In this paper we define the partial tensor asymmetries in the same way as it is done for
the vector ones (see Eq.(66))
AβC =
dσβ(k1, k2, S˜)
dσ(k1, k2)
, AAC =
dσA(k1, k2, S)
dσ(k1, k2)
, (74)
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where indices A and β equal to
A = LL , TT , LT ; β = ll , tt , lt ,
and the spin-dependent parts of the cross-section due to deuteron tensor polarization are
determined by Eqs. (72) and (73), respectively.
The hard part of the spin-dependent cross sections which enter under the integral sign in
the right-hand side of Eq.(72) can be written as
dσmnhard
dQ2dy
=
(
1 +
α
2π
δ(1, ρ)
) dσmnB
dQ2dy
+Hmnx +H
mn
xr , (75)
where we introduce the following designations
Hmnx =
α
2π
[(1− r1)Pˆ1
1− ρ −
(1− r2)Pˆ2
r2
]dσmnB
dQ2
,
Hmnxr =
αη
Q4
{ P
1− xy
∫ r+
r−
dr(1− Pˆ1)Gmn(r)
(1− r)|r − r1| +
P
1− y(1− x)
∫ r+
r−
dr(1− Pˆ2)G˜mn(r)
(1− r)|r − r2|
}
−
αρ
4Q4
1√
y2 + 4xyτ
∫ r+
r−
dr
[
Fmn0 (r) + ξ1
Q2
V
Fmn1 (r) + τξ2
Q4
V 2
Fmn2 (r)
]α2(Q2r)
r2
, (76)
where the coefficients ξ1,2 are
ξ1 =
1
y + 4xτ
[
1− y − 2xτ + r(1 + xy − 2x+ 2xτ)],
ξ2 = 3ξ
2
1 −
1
y(y + 4xτ)
[
r(1− xy) + y − 1]2.
The functions Gmn(r), G˜mn(r) and Fmni (r), i = 0, 1, 2 are defined as
Gmn(r) =
α2(Q2r)
r2
4∑
j=1
Amnj Hj, F
mn
i (r) =
4∑
j=1
Cmnij Hj ,
G˜mn(r) =
α2(Q2r)
r2
4∑
j=1
Bmnj Hj , (77)
where the expressions for the coefficients Amnj , B
mn
j and C
mn
ij , mn = ll, lt, tt; i = 0 , 1 , 2 ; j =
1 , 2 , 3 , 4 are given in Appendix A. The functions Hj , j = 1− 4 in relations (76) depend on
the shifted momentum transverse squared, i.e., Hj = Hj(rQ
2) and
H1(Q
2) = G2M , H4(Q
2) = −2(1 + η)G2M ,
H2(Q
2) = −2η
[
G2M +
4
1 + η
GQ(GC +
η
3
GQ + ηGM)
]
,
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H3(Q
2) = 2η GM(GM + 2GQ) . (78)
Now we can extract from the master formula (72) the first order correction for the spin-
dependent parts of the cross section, caused by the tensor polarization of the deuteron target
dσmn
dQ2
=
{
1 +
α
2π
[δ(1, ρ) + (L− 1)G0]
}dσmnB
dQ2
+
α
2π
(L− 1)Gmn1 +
ymax∫
ymin
(Hmnx +H
mn
xr )dy , (79)
here mn = ll, lt, tt and the rest of designations are
Gmn1 = I
mn
1 (z) + I
mn
2 (z˜) ,
Imn1 (z) = −
∫ 1
1−z
dr1
(1 + r21)(1− Pˆ1)
1− r1
dσmnB
dQ2
,
Imn2 (z˜) = −
∫ 1
1
1−z˜
dr2
r32
(1 + r22)(1− Pˆ2)
1− r2
dσmnB
dQ2
.
4. NUMERICAL ESTIMATIONS
The recent measurements in polarized electron-deuteron scattering are the following:
i)measurement of analyzing power T20 in region 0.126GeV
2 < Q2 < 0.397GeV 2 [12]; ii)
measurement of recoil polarizations t20 , t21 , t22 at 0.66GeV
2 < Q2 < 1.7GeV 2 [16]; iii)
measurement of analyzing powers T20 , T21 , T22 at 0.326GeV
2 < Q2 < 0.838GeV 2.
For the deuteron form factors we use the results of the paper [57] where the world data
for elastic electron–deuteron scattering was used to parameterize, in three different ways,
the three electromagnetic form factors of the deuteron in the four–momentum transfer range
0−7 fm−1. The accuracy in the determination of these form factors is limited by the assump-
tion of a one–photon exchange mechanism and precise calculation of the radiative corrections.
In the intermediate to high Q–range, other corrections such as the double scattering contri-
bution to two–photon exchange [30] should be considered, but they are at present neither
accurately calculated nor experimentally determined.
For numerical calculations we use two different parameterizations labeled as I and II.
In the parametrization I, each form factor is given by polynomial in Q2 variable. With 18
free parameters, a fit was obtained with χ2/Nd.f. = 1.5. The parametrization II has been
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proposed in Ref. [58]. Each form factor is proportional to the square of a dipole nucleon form
factor and to a linear combination of reduced helicity transition amplitudes. In addition, an
asymptotic behavior dictated by quark counting rules and helicity rules valid in perturbative
QCD were incorporated in the fitting procedure. With 12 free parameters, a fit to the data set
was obtained with χ2/Nd.f. = 1.8, whereas the original values of the parameters in Ref. [58]
yield χ2/Nd.f. = 7.5. The parametrization II, in contrast with the two other ones presented
in this paper, can be extrapolated well above 7fm−1, albeit with some theoretical prejudice.
To demonstrate effect of radiative corrections in the considered polarized phenomena we
give the Q2-dependence of quantities δAI and δAIJdefined as
δAI = AIC − AIB, δAIJ = AIJC −AIJB , (80)
where AIC , A
IJ
C designate the values of the corresponding asymmetries with accounting of
the radiative corrections (see Eqs. (66) and (74)) and AIB , A
IJ
B are their Born values.
During calculation we took V = 2(k1p1) = 10GeV
2 and 0.1GeV 2 ≤ Q2 ≤ 2GeV 2 and
used parametrization I and II of the deuteron form factors given in Ref.[57]. It turns out
that the difference between the asymmetries calculated with these two parametrizations are
very small and further we use the parametrization I.
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Fig.1.
The Born values of vector and tensor asymmetries calculated by means equations
(25), (26) and (34). Note that the quantity ATTB is small as compared with A
tt
B. Q
2
is given in GeV 2.
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In Fig.1 the Born values of vector and tensor asymmetries are shown. As one can see
the absolute values of the vector asymmetries are small as compared with the tensor ones.
Besides, effect of the polarization direction choice is seen very clear. The most expressive one
is that ATTB is near zero at all considered values of Q
2, whereas the corresponding quantity
AttB is large enough (of the order of 1).
In Fig.2 we demonstrate the influence of radiative corrections on the single-spin tensor
asymmetries. The corresponding effect depends strongly on parameter ∆th which defines the
rules for event selection. If one takes ∆th = 0, the radiation of hard photons is forbidden,
and effect vanishes as it follows from master formulas (55), (64) and (72) as well as from
Eqs.(65)and (73).
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Fig.2.
Effect of radiative corrections for the single-spin tensor asymmetries defined with
respect to the stable (left column) and unstable (right column) directions at
radiation of the collinear photons and e+e− − pairs by the initial and final
electrons. The curves in the upper row are calculated at ∆th = 0.26 and in the low
one at ∆th = 0.0526. In Born approximation all quantities δA
ii and δAII equal to
zero. Q2 is given in GeV 2.
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The same as in Fig.2 but for the case of the double-spin vector asymmetries.
In this case the radiative corrections are determined by the soft photon emission and
virtual loops and are factorized in both unpolarized cross-section and polarization dependent
ones. If the hard photon emission is allowed but the pion production threshold does not
exceeded ∆th ≤ 0.0526 (see Eqs.(57) and (58)) the absolute value of the effect is smaller
than 2.5%. With increase of the allowed photon energy the tensor asymmetries can reach
the values of the order of 15-20 %.
As concern the double-spin vector asymmetries, they are very small even at the Born
level, and up to now there is not any attempt to measure them. We calculate them to give
the complete picture of accounting for model-independent radiative corrections in electron-
deuteron scattering.
In Sec.2 we stressed that measurement of the polarization asymmetries in process (1),
in principle, can be used to determine the deuteron magnetic form factor GM . The reason
is that the quantities ALB (see Eq.(26)) and A
LT
B (see Eq. (34)) are proportional to G
2
M
if the deuteron polarization states are determined with respect to directions defined by
Eq.(21), when the longitudinal direction is chosen along the 3-momentum transferred. If
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these states are defined by Eq.(39), when the longitudinal direction is chosen along the
initial electron 3-momentum, such simple form of mentioned asymmetries is violated, and
analysis of polarization data has became more complicate. Such situation is conserved if the
corrections due to soft photon emission and virtual loop are taken into account. But inclusion
of radiative events with hard photon emission (process (52)) inevitably changes it because
even radiation of collinear photons alters the direction of the 3-momentum transferred, and
the rotation of polarization states necessary occurs.
To take into account the radiative corrections in this case, by the electron structure func-
tion method, one needs, according to the spirit of this method, to use the set of polarization
states that are stable under collinear photon radiation by both, initial and scattered, elec-
trons. The corresponding spin-dependent parts of the hard cross-sections in master formulas
(64) and (72) include different combinations of all deuteron form factors. It means, for ex-
ample, that small partial cross-section d σTT/dQ2 which expressed through the large ones
d σtt/dQ2 , d σll/dQ2 and d σlt/dQ2 can be significantly changed if undetected additional
particles accompany the process (1). At least for ∆th = 0.26 the radiative corrections almost
double the tensor asymmetry ATT as compared with the Born one. With decrease of ∆tr
this effect is diminished. Note that similar effect is absent if one uses the hadronic variables
to describe radiative corrections (see Eqs. (64) and (69) in Ref. [35]). The reason is that in
this case the recoil deuteron momentum is measured independently on undetected particles
in leptonic part of interaction.
In present paper we give the consistent calculation of electromagnetic model-independent
radiative corrections for polarization observables in the process of elastic electron-deuteron
scattering. Our approach based on the electron structure function method and covariant
description of the polarization states, provided the event selection carried out by restriction
on the lost invariant mass. The only additional parameter, in this case, that required to be
determined in measurements is ∆th. Usually in real experiments the rules for event selections
can include different cuts caused by the measurement method and the detector geometry.
Every cut leaves the trace on the level of radiative corrections if undetected particles are
allowed. Thus, in every independent experiment radiative corrections are different since the
cut procedure is distinguished in the general, and only Monte Carlo event generator can take
into account all the restrictions exactly. Our semi-analytical result can be incorporated in
such generator to check its work for considered event selection.
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APPENDIX A
In this Appendix we present the formulae for the coefficients Amni , B
mn
i and C
mn
ij , (mn =
ll, lt, tt ; i = 0, 1, 2 ; j = 1, 2, 3, 4) that determining the partial cross- sections in the case of
tensor polarized target (see formula (75)).
1. Component ll
The coefficients, determining the contribution proportional to the components Rll of the
tensor that describe the tensor polarization of the deuteron target, can be written as:
All1 = −xy(1 + r2)Z , All2 =
ZZ1
xyr
,
All3 =
1
xy
{
(a+ r¯)
[
2Z1 + r∆1(2a+ r −∆1)
]
−
∆1
[
r2(r −∆1) + 2(b+∆1) + r(a+ b)(a + r −∆1)
]}
,
All4 = r
{
(b− a)(1 + r2) + ∆1
[
1 + r(2a− b)
]}
,
Bll1 = xyr(1 + r
2)
[
xyr(1 + 6τ)− 2τ(1− 3ar)
]
,
Bll2 = −
1
xy
[
xyr(1 + 6τ)− 2τ(1 − 3ar)
]
·[
b(1 + r2)−∆2(r¯ − 2a)
]
,
Bll3 = −
1
xy
{
2Z2
[
1 + (2a− b)r +∆2
]
+
3a∆2
[
(b− a)r − 1−∆2
]}
,
Bll4 = r
[
(a− b)(1 + r2) + ∆2(a+ r¯)
]
,
C ll01 =
2
τ
{
(r¯ −∆1)2 + a[3a(1 + r2)− 2(b+∆1)]
}
,
C ll02 =
2
xyr
{
(7− 3y)(xyr)2 + 3a(5− y + r)xyr+
3a2(3 + r2)− ar[5 + 3(a+ b)2]
}
,
C ll03 = −xy
[
r(6a− 16 + 9y) + 6τ(y − 3− r)
]
,
C ll04 = xyr
[
1 + 3(b− a)
]
, C ll11 = 12xy(r + 2τ) ,
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C ll12 = 6
τ
r
[4(r + τ)− yr] , C ll13 = 6τ(2− y) ,
C ll21 = 6 , C
ll
22 =
6τ
xyr
, C ll14 = C
ll
23 = C
ll
24 = 0 .
2. Component lt
The coefficients, determining the contribution proportional to the components Rlt of the
tensor that describe the tensor polarization of the deuteron target, can be written as:
Alt1 = 2a(2τ + r)(1 + r
2)(2b+∆1)
Q2
Md
,
Alt2 = −2(2τ + r)(2b+∆1)Z1
τ
r
V
Md
,
Alt3 = −τ
V
Md
{
2Z1(3b− a− r) + ∆1
[
4r(1 + b2 + 3ab)
−2a(1 + r2) + xyr(ar − 3 + 5br)
]}
,
Alt4 = ar
V
Md
{
2b(1 + r2) + ∆1
[
1− r(3b− a)
]}
,
Blt1 = 2ar(1 + 2τ)(1 + r
2)(∆2 − 2br) Q
2
Md
,
Blt2 = −2τ(1 + 2τ)(∆2 − 2br)Z2
V
Md
,
Blt3 = τ
V
Md
{
2Z2
[
(3b− a)r − 1
]
+∆2
[
(1 + ar)(a− 6b)
−(a + 3b)(r2 +∆2) + r(b2 − 1) + b+∆2(3r − 2b)
]}
,
Blt4 = ar
V
Md
[
−2b(1 + r2) + ∆2(r¯ − 2b)
]
,
C lt01 =
4Q2
Md
[
a(1 + r2)(y + 2a)− 2br¯ −∆1(xyr + 2a− 2b)
]
,
C lt02 =
−2V
Mdxyr
{
2axyr
[
yr¯ + (3b+ a)(1 + r)− y − 8a
]
−(xyr)2
[
2a+ (2− y)(y + 4a)
]
+ 2a
[
2a(b− a+ r)+
(y + 2a)(r − a(1 + r2) + r(a+ b)2)
]}
,
C lt03 = −
Q2
Md
{
4τ
[
2br¯ − y2 + 4(b2 − a)
]
−
r
[
3y(2− y) + 8a(1 + a + 2b)
]}
,
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C lt04 = xyr
V
Md
[
1 + 4ab− (a− b)2
]
,
C lt11 =
4Q2
Md
[
2τ(2y + 4a− 1) + r(y + 4a− 2τ)
]
,
C lt12 =
4τV
Mdr
[
(a− b)(4τ − yr) + 2τ(1− r) + 2yr(1 + 4xτ)
]
,
C lt13 = 4τ(2− y)(y + 2a)
V
Md
, C lt14 = C
lt
23 = C
lt
24 = 0 ,
C lt21 = 4(y + 2a)
V
Md
, C lt22 = 4τ
y + 2a
xyr
V
Md
.
3. Component tt
The coefficients, determining the contribution proportional to the components Rtt of the
tensor that describe the tensor polarization of the deuteron target, can be written as:
Att1 = −
a
b
(1 + r2)[b2 + (b+∆1)
2] ,
Att2 =
τ
b
Z1
xyr
[2b2 +∆1(2b+∆1)] , A
tt
4 = −ar2∆1 ,
Att3 =
τ
b
{
(∆1 − 2b)[b(1 + r2) + (1− r + ry)∆1]+
b∆1[1 + r(b− a +∆1)]
}
,
Btt1 =
a
b
(1 + r2)[2b2r2 − 2br∆2 +∆22] ,
Btt2 = −
τ
b
Z2
xyr
[2b2r2 − 2br∆2 +∆22] , Btt4 = −ar∆2 ,
Btt3 =
τ
b
{
(2br −∆2)Z2 + b∆2[r(b− a+ r)−∆2]
}
,
Ctt01 =
xy
b
[
(1 + r2)(y2 + 4a− 2ab) + (2b+∆1)2 +∆21
]
,
Ctt02 = −
1
bxyr
{
−2(xyr)2
[
a + (1 + a)(2− y)
]
+ xyr
[
(3− 2y
+a2 + b2)(r¯ − 2a) + 4(ab+ b− a2) + 4r(a− b2)
]
−
−2a
[
(r − a)2 + b2
]
+ (1 + 2a− 2b+
a2 + b2)
[
r − a(1 + r2) + (a+ b)2r
]}
,
Ctt03 = −
1
b
{
3b− a− (a2 + b2)(2 + a+ b) + r[y2 + 2y(2b− a)+
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2a(3− a)] + xyr[y(1 + y + 3a)− 4(1 + a)− 2ab]
}
,
Ctt04 = xyr(y + 2a) ,
Ctt11 = −
4
b
[
y(b− a+ r) + 2a(r − a)− xyr(1 + a)
]
,
Ctt12 =
1
bxyr
{
r
[
1 + 7a(1 + a)− b(1 + b) + (a+ b)(a2+
b2)
]
+ 4τ
[
(a− b)(1− r) + a2 + b2 − r
]}
,
Ctt13 =
1
bxy
(2− y)
[
y2 + 2a(2− b)
]
, Ctt14 = C
tt
23 = C
tt
240 ,
Ctt21 =
1
ab
[
y2 + 2a(2− b)
]
, Ctt22 =
1
brx2y2
[
y2 + 2a(2− b)
]
,
here we use the following notation
∆1 = (1− xy)r − a− b, ∆2 = (1− y + xy)r − 1,
Z1 = b(1 + r
2) + ∆1(1− r + yr), Z2 = b(1 + r2) + ∆2(1− y − r),
Z = xy(2τ + r)2 − 2τ(b+∆1) ,
a = xyτ , b = 1− y − a , r¯ = a− b+ r .
APPENDIX B
Now we give some formulae describing the polarization state of the deuteron target for
different cases. For the case of arbitrary polarization of the target it is described by the
general spin–density matrix (in general case it is defined by 8 parameters) which in the
coordinate representation has the form
ρµν = −1
3
(
gµν − pµpν
M2
)
+
i
2M
εµνλρsλpρ +Qµν , (B.1)
Qµν = Qνµ, Qµµ = 0 , pµQµν = 0 ,
where pµ is the deuteron 4-momentum, sµ and Qµν are the deuteron polarization 4-vector
and the deuteron quadrupole–polarization tensor.
In the deuteron rest frame the above formula is written as
ρij =
1
3
δij − i
2
εijksk +Qij , ij = x, y, z. (B.2)
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This spin–density matrix can be written in the helicity representation using the following
relation
ρλλ′ = ρije
(λ)∗
i e
(λ′)
j , ρλλ′ = (ρλ′λ)
∗ , λ, λ′ = +,−, 0, (B.3)
where e
(λ)
i are the deuteron spin functions which have the deuteron spin projection λ on to
the quantization axis (z axis). They are
e(±) = ∓ 1√
2
(1,±i, 0), e(0) = (0, 0, 1). (B.4)
The elements of the spin–density matrix in the helicity representation are related to the ones
in the coordinate representation by such a way
ρ++ =
1
3
+
1
2
sz − 1
2
Qzz , ρ−− =
1
3
− 1
2
sz − 1
2
Qzz ,
ρ00 =
1
3
+Qzz , ρ+− = −1
2
(Qxx −Qyy) + iQxy ,
ρ+0 =
1
2
√
2
(sx − isy)− 1√
2
(Qxz − iQyz) ,
ρ−0 =
1
2
√
2
(sx + isy)− 1√
2
(Qxz + iQyz) . (B.5)
To obtain this relations we used Qxx +Qyy +Qzz = 0 .
The polarized deuteron target which is described by the population numbers n+, n− and
n0 is often used in the spin experiments (see, for example, Ref. [59]). Here n+, n− and n0
are the fractions of the atoms with the nuclear spin projection on to the quantization axis
m = +1, m = −1 and m = 0, respectively. If the spin–density matrix is normalized to 1,
i.e., Trρ = 1, then we have n+ + n− + n0 = 1. Thus, the polarization state of the deuteron
target is defined in this case by two parameters: the so–called V (vector) and T (tensor)
polarizations
V = n+ − n−, T = 1− 3n0. (B.6)
Using the definitions for the quantities n±,0
n± = ρije
(±)∗
i e
(±)
j , n0 = ρije
(0)∗
i e
(0)
j , (B.7)
we have the following relation between V and T parameters and parameters of the spin–
density matrix in the coordinate representation (in the case when the quantization axis is
directed along the z axis)
n0 =
1
3
+Qzz, n± =
1
3
± 1
2
sz − 1
2
Qzz, (B.8)
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or
T = −3Qzz, V = sz. (B.9)
Now let us relate the parameters of the density matrix for the massive particle of spin-one
(deuteron) for two representations: the coordinate (see Eq. (B.1)) and spherical tensors.
According to Madison Convention [60]the density matrix of a spin-one particle is given
by the expression
ρ =
1
3
∑
kq
t∗kqτkq, (B.10)
where tkq are the polarization parameters of the deuteron density matrix and τkq are the
spherical tensors. The latter ones are expressed as
τ00 = 1, τ10 =
√
3
2
Sz, τ1±1 = ∓
√
3
2
(Sx ± iSy),
τ20 =
3√
2
(S2z −
2
3
), τ2±2 =
√
3
2
(Sx ± iSy)2,
τ2±1 = ∓
√
3
2
[(Sx ± iSy)Sz + Sz(Sx ± iSy)] , (B.11)
Sx =
1√
2

0 1 0
1 0 1
0 1 0
 , Sy = 1√2

0 −i 0
i 0 −i
0 i 0
 , Sz =

1 0 0
0 0 0
0 0 −1
 . (B.12)
From Eq. (B.11) and hermiticity of the spin operator we immediately get
τ+kq = (−1)qτk−q (B.13)
and the hermiticity condition for the density matrix yields for τkq
t∗kq = (−1)qtk−q. (B.14)
From this equation one can see that
t∗10 = t10, t
∗
11 = −t1−1, t∗20 = t20 ,
t∗22 = t2−2, t
∗
21 = −t2−1, (B.15)
i.e., the parameters t10 and t20 are real ones, and the parameters t11, t21 and t22 are complex
ones. So, in total there are 8 independent real parameters as it must to be for the spin-one
massive particle.
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After that we come to explicit expression of the deuteron density matrix
ρ =
1
3

1 +
√
3
2
t10 +
1√
2
t20
√
3
2
(t1−1 + t2−1)
√
3t2−2
−
√
3
2
(t11 + t21) 1−
√
2t20
√
3
2
(t1−1 − t2−1)
√
3t22 −
√
3
2
(t11 − t21) 1−
√
3
2
t10 +
1√
2
t20
 . (B.16)
The density matrix is normalized to 1, i.e., Trρ = 1. Using the expression for the density
matrix in the helicity representation, Eq. (B.5) we get the following relations between the
parameters of the density matrix in the coordinate representation and spherical tensor one
t10 =
√
3
2
sz, Ret11 = −Ret1−1 = −
√
3
2
sx, Imt11 = Imt1−1 = −
√
3
2
sy, (B.17)
t20 = − 3√
2
Qzz, Ret21 = −Ret2−1 =
√
3Qxz, Imt21 = Imt2−1 =
√
3Qyz ,
Ret22 = Ret2−2 = −
√
3
2
(Qxx −Qyy), Imt22 = −Imt2−2 = −
√
3Qxy.
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